1* Introduction* The Pontrjagin duality theory [4] establishes a dual relationship between pairs of locally compact Abelian groups (referred to in the remainder of the paper as L.C.A. groups): Namely, if two groups are duals each is isomorphic and homeomorphic to the group of all continuous homomorphisms (character group) of the other into the circle K, the character group being provided with the compactopen topology. The question arises whether this same property will hold true for groups of mappings into some group other than K. Pontrjagin answers this in the negative by showing that if we consider mappings into any group other than K, that K itself will not be the character group of its character group. However, for a more restricted class of groups than the class of all L.C.A. groups, the duality property might yet hold true for mappings into some group other than the circle. The purpose of this paper is to show that the duality theorem is valid if we consider mappings of any L.C.A. totally disconnected (L.C.T.D.A.) group into the discrete rationals modulo 1. It is shown that the same theorem is true using various topologies on this group and a necessary and sufficient condition on the topology is given in order that the theorem be true. For the case of L.C.A. p-primary groups, it is shown that the duality theorem is true using any separated topology on the p-primary component of the rationals modulo 1. Since the rationals modulo 1 are a subgroup of the circle, we are merely using different topologies on the necessary part of the circle, the resulting character groups being the same as those in the classical case. However, for the case of compact T.D.A. groups, a genuinely new theory is exhibited in which the character groups are not in general the same as those of the Pontrjagin theory. Throughout the paper the word group will be used to denote an Abelian separated topological group. The additive notation will be used for the group operation. We shall use the symbol 2r: to represent an algebraic isomorphism and ~ to represent an algebraic isomorphism and topological homeomorphism.
2 Character theory.
DEFINITION. Let G and g be two groups, g will be called the Received September 21, 1954 .
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GERALD C. PRESTON auxiliary group. (G, g) will denote the group of all continuous homomorphisms of G into g. The topology in (G, g) is as follows : a neighborhood U of 0 in (G, g) will depend on a compact subset C of G and a neighborhood V of 0 in g U{C, V)= {a e (G, g) :
The proof of the following proposition is omitted. PROPOSITION 
(G, g) is a group.
For any x e G, x may be considered to define a homomorphism a? of (G, #) into <7 as follows :
Under this definition, x is a continuous homomorphism of (G, </) into ^. The proof of the following two propositions for the case that g=K are given in [4] and carry over exactly to the general case.
Since the next theorem applies to open compact subgroups of G, we note that in a L.C.T.D.A. group, any neighborhood of 0 contains an open compact subgroup [5] . THEOREM 
// H is an open compact subgroup of G, then

Proof. Let Ae(GIH,g).
We define αeiϊ* as follows: if N represents the natural mapping of G onto G/H then a(x)=A(N(x)). We now map A-^a. It is shown in [4] Proof. Consider any αe(G, g). Define <* e(£, G) as follows [6] :
a(x) is defined since a and x are both continuous homomorphisms. In [1] and [6] it is shown that a is a continuous homomorphism of # into G. We map a-^a. f is obviously a homomorphism and is one-to-one since g has sufficiently many characters in the classical theory. By considering ot of G into *g defined similarly to a it is easily seen that / is onto. Since in (G, g) we may consider neighborhoods of the type U(C, {0}) it is easy to verify that / is bicontinuous. We note here that if g is discrete and G is compact, (G, g) is discrete since U(G, {0})={0} is open in (G, g). DEFINITION . A group G is said to be divisible if for any xeG and any integer n, there is a yeG such that ny=x. THEOREM Proof. Let β H e {H, g) . It is shown in [6] that since g is divisible, β H may be extended to a continuous homomorphism β of (G, g). If β H has two extensions, their difference is 0 on H so they are in the same coset of Jϊ*. If ~β is the coset of iϊ* containing β, we map β^+β. f is clearly an isomorphism of (H, g) onto (G, g)jH*. By a remark above, (H, g) is discrete. But H* = U{H, {0}) which is open so that (G, #)/iϊ* is also discrete.
If g is divisible and discrete and H is an open
3 p-primary groups* A theorem of Braconnier [1] shows that the p-primary groups are the basic elements in the structure of L.C.T.D.A. groups. We present this theorem after giving the necessary definitions. DEFINITION. A group G is said to be p-primary if for any xeG, the mapping n->nx of the integers into G may be extended continuously to the mapping z~>zx of the p-adic integers, Z p into G. DEFINITION. Let G be a group and G p ={xe G : the mapping n~>nx of the integers into G may be extended continuously to the mapping z~>zx of the p-adic integers into G}.
T.D.A. group and H any open compact subgroup of G. Then G is isomorphic to the local direct product of its primary components G p relative to primary components H P =HΓ\G P of H. If G is compact then G=Ώ G p .
Using the notation C p w=cyclic group of order p n , Q i3 =p-adic numbers, Z p =p-aάie integers, and p°°=Q P IZ p , we note that the following simple examples show that with p°° as auxiliary group, a duality theorem obtains for L.C.A. p-primary groups of rank 1 (see [1] or [2] ):
Proposition 3 shows that the duality theorem holds for groups of any finite rank n. We shall show in the present section that if p°° is used as an auxiliary group, a duality theory obtains for all L.C.A. p-primary groups. This theorem is implied by a theorem in [2] Proof. Let ae(Z p , g) and map a-^a(l)eg. We show that / is a continuous isomorphism of (Z p , g) onto g. /is obviously a homomorphism. Since g is p-primary, zx is defined for any zeZ p and xeg.
If α(l)=0 then <x(ri)=Q so that a is 0. Thus / is one-to-one. Now given xeg, define <x(z)=zx. a is clearly a homomorphism and is continuous by a theorem in [1] . Also a(l)=x. Hence / is onto. Finally, given any neighborhood V of 0 in g we have
Proof. Continuing in the notation of the proof of Theorem 3.2, we show that / is bicontinuous. Let U(C, V) be a neighborhood of 0 in (Z p , g). Without loss of generality, we may consider the neighborhood Proof. Since the only proper subgroups of p°° are the groups isomorphic to C p n, any nonzero subgroup contains the elements p~ι, 2p~ι,
However, since r is separated, there is a neighborhood of zero excluding all these elements. Proof. The isomorphism follows from Lemma 3.1. If G is compact then by Lemma 3.2, using V as there defined, (G, V)= {0} is open so that (G, p°°τ) is discrete. Also (G, p°°) is discrete so the theorem holds for compact groups. Now consider the case where G is discrete. We may consider (G, p°°τ) and (G, p°°) as the same group with different topologies. With this consideration, the identity mapping of (G, p°°) onto (G, p°°τ) is clearly continuous since any set open in (G, p°°r) will be open in (G, p°°) . Since (G, v°°) is compact, the identity mapping is bicontinuous and the theorem is true when G is discrete. Now let G be a L. (G, p°°τ) . Now since i?* is compact in both (G, p°°τ) and (G, p°°), the identity mapping of (G, £>°°) onto (G, %>°°τ ) is bicontinuous on H*. But since iϊ* is open in both topologies, the mapping is bicontinuous on (G, p°°) to (G, p°°τ).
COROLLARY. ((G, £>~T)> p°°τ)^G.
Proof. ((G, p-*), p" τ )^((G, p~), p" T )=((G> p~), p~)^G.
The question remains as to whether any group other than p°° will give a similar duality theory when used as the auxiliary group. Although the question is not completely settled, we shall present a theorem which limits the type of group which may be considered. First we prove a preliminary lemma. LEMMA 
If g is a group with arbitrarily small open subgroups and if H is a discrete divisible subgroup of g, then H is a direct factor.
Proof. Since H is discrete, there is a neighborhood V of 0 in g such that VΓ\H== {0}. follows from a standard argument. For any ^-primary group g, we let g°° be the subgroup of g consisting of all elements of finite order and infinite height. From [1] , the group g°° with the discrete topology, call it g°°d, must be a direct product of groups isomorphic to p°°. Hence g~~ Π p°° with some appropriate topology. THEOREM 
Let g be a p-primary group such that for any L.C.A. p-primary group G, ((G, g), g)~G.
Then since a divisible subgroup of a discrete group is a direct factor. Hence
which is a contradiction as observed above. Hence every neighborhood of g must contain a compact nonopen subgroup. This theorem shows that a reasonable conjecture for a possible auxiliary group would be Π p°° or wk Π p°° (see § 5 for definition) provided with a connected or at least non-T.D. topology. We also know from Theorem 3.6 that if a duality theorem obtains, it is entirely different from the classical type in that the duals of some compact groups (in particular Z p ) will be non-locally compact. Proof. Since a group may be p-primary for at most one p, it is clear that if a e (G, g), then
Since we deal with direct products in the following theorems, we shall adopt the convention that we do not distinguish between the elements x λ 6 G λ and (0, , 0, x λ9 0, •) e Π G λ . Proof. First we note that G= ΠΓ G t where the G t are the p Γ primary components of G and that (G t , p? τ ή is a L.C.A. p-primary group. Hence by Lemma 4.2 and Theorem 3.4 we have
In the classical theory, (G, g) is discrete if G is compact. However, in this case,
which is an infinite product of discrete groups since each G t is compact and hence each (G ίt pΓ ι ) is discrete. Such a product is clearly not discrete so that these character groups of some compact T.D.A. groups are not the same as the classical character groups. 5 A duality theory for all L C.T D.A. groups. The auxiliary group in this case will be the discrete weak direct product of p? for all prime p if g=wk IIΓ vΐ, that is the subgroup of the full direct product in which all but a finite number of components are 0. Our object is to prove that ((G, g), g )^G for all L.C.T.D.A. groups. We shall use the following notation throughout all lemmas and theorems of the present section. G will be a L. 
